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Abstract

Digital computer techniques are developed for the approximation of the
periodic fretuency characteristics of commensurate transmission line circuits.
For a given periodic delay or 10Ss -derivat ive function the system function is
derived automatically using a direct method. Any suitable synthesis progrsm
will complete the design.

Introduction

As a basis for the development of this technique the example of the
periodic delay function has been used, leading to a transmission line cir-

cuit function which may be realized by a suitable synthesis method. 1 It is

stressed however that the method applies generally to either delay or 10ss

derivative curves. An initial approximate ion is realized by entirely linear

techniques, not requiring iterative methods of solution. This compares

favorably with approximation techniques used for lumped constant element

circuits that require iterative solutions to a number of nonlinear

equations. 2)3

Following the initial approximation an opt imizat ion progrsm may be
needed to minimize the error. For the delay function application used the
error is minimized by increasing the order of the system function and sub-
sequent deletion of cascaded line elements with impedances close to the load
impedance (RL = 1) . This method is dependent however upon the cascade

synthesis method and since it is expected that other symthesis methods will
be developed this method of optimization will not be generally applicable.

The Approximate ion Method

It is feasible to write a Fourier Series approxtiation for a given
periodic function and to obtain a set of n linear equations relating the
Fourier Series coefficients to the coefficients of the series resulting from
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division of the part of the (unknown) system function representing delay or

of the part representing loss -derivative.

A given Fourier series representing the delay function may be trans-

formed, term by term into a “loss-derivative” function, by means of the

Hilbert transform. The given series:

$X.&l= -Z2sin2u T- Thsinku T -.. .-~nsinnm T+... (2)

Combining these series into one:

[ 1
* (’C(U) + j ~) = ~. + ~2 e-2sT + Ch e-4sT +...+ -.rn e-nsT

S=ja ‘3)

Consider the function:

F(s) = & =
1

[

n-1
(4)

an tanhnsT + an-l tanh sT+. ..+a 1coshnsT
o

To separate (4) into loss-derivative and delay function4 write:

To obtain (5) from (4) the latter equation i< rewritten, using

which results in:

F(s) =
2n. ensT

n

xak(e2sT-l)k (e2sT+l)n-k

k.(j

(5)

(6)

(7)
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or

2n. e
nsT

F(s) = n
-9

_Rs

- S(s

Dk

e2ks T

(8)

k=O

Assuming that the delay function is to be used in the approximation process,

cons ider

From (8)

It can be shown that:

* [:%’?+:%+ls=,O =‘T

(9)

(lo)

(11)

“t” ‘“:g ‘iVision0’%-?anda-$?‘espec’i”e’yJ‘here
S(s) = ~ ~ e2ksT ‘, and addition we find:

k=O

* [w+ WI = ‘n’ + : [W2ST+’-2S’) + ~4(e4sT+e-4sT) ‘

. . .+ ~2n(e2nsT + e -’W] (12)

Combining (11) and (12) :
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t(m) = Re
[- :%?l.=,. =

[ I. nT + T ~2 cos 2uYI + ~4 cos k!! +... +~2n C!OS 2nmT

As the division process used to obtain (12) may be expressed in

series of linear equations, the process of obtaining the polynomial

~%~~~~e~~st$$ fle~) “Om given

~k in (1) or (2) is linear also.

1) obtain the coefficients ~ from given Zk

2) obtain the coefficients y from ~

Both steps may be formulated in matrix form and may easily be solved

a digital computer.

Implement at ion

(13)

a

‘r.t

using

As no effort was expanded to minimize the error in the approximation

process, the results shown are initial approximations only. This however

is felt to be a major contribution, as such a method appears to be unavail-

able.

To implement the results for delay functions, the function F(s) in (4)

should be interpreted as the transfer impedance of a cascade of transmission

lines. Alternatively the function F(s) may be interpreted as the trans-

mission coefficient of a cascade of coupled line all-pass sections, the

synthesis is identical to the one for the cascaded lines however. 1

The synthesis techniques for cascaded lines often leads to a set of

line impedance values of wide range. Methods of limiting this range, by

using either combinations of low-order cascades or other synthesis methods,

are the subject of further studies.

The other disadvantage, that of finding impedance values Z. < 1 that

cannot be realized in coupled line form, is encountered only fo; certain

types of functions, such as linear delay with negative slope and for dis -

continuous functions.

Several results are shown here, indicating both the character of the

aPPrOximatiOn f cm seVeral types of periodic delay f unct ions and the re suit-

ing impedances for the cascaded line values. Further studies are required

to obtain realizability and, for the cascade synthesis method, impedance

values within range for practical realization.
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i ---- Fourier Sum
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Fm. i - coimm DEUY APFROXDJ.iTION om 50?i Wmwrnrn.
DEIAY MAGNIIUDE 8 SECO~SA N = 8 = 2Tlm,n.

21 = 2687.220 Z5 . 1.679 “—”

22 = 216.797 7,6 . .868

,3 . 29. ?76 “7 = “93’
Zb . 5.597 Z8 . 1.081
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